The partially linear additive model arises in many scientific endeavors. In this paper, we look at inference given panel data and a serially correlated error component structure. By combining polynomial spline series approximation with least squares and the estimation of correlation, we propose a weighted semiparametric least squares estimator (WSLSE) for the parametric components, and a weighted polynomial spline series estimator (WPSSE) for the nonparametric components. The WSLSE is shown to be asymptotically normal and more efficient than the unweighted one. In addition, based on the WSLSE and WPSSE, a two-stage local polynomial estimator (TSLLE) of the nonparametric components is proposed that takes both contemporaneous correlation and additive structure into account. The TSLLE has several advantages, including higher asymptotic efficiency and an oracle property that achieves the same asymptotic distribution of each additive component as if the parametric and other nonparametric components were known with certainty. Some simulation studies were conducted to illustrate the finite sample performance of the proposed procedure. An example of application to a set of panel data from a wage study is illustrated.
Introduction
Panel data arise frequently in biological and economic applications in such as surveys of workers, households, countries, firms, patients, etc., over several time periods. Two well-known examples of panel data in the United States are the Panel Study of Income Dynamics (PSID), collected by the Institute for Social Research at the University of Michigan (http://psidonline.isr.umich.edu), and the National Longitudinal Surveys (NLS) sponsored by the Bureau of Labor Statistics (http://www.bls.gov/nld/home.htm). See Baltagi (2008) for the details. Various parametric models and statistical tools have been developed for panel data analysis; see, for instance, Ahn and Schmidt (2000) , Verbeke and Molenberghs (2000) , Hsiao (2003) , Baltagi (2008) and the references therein. While parametric models are very useful for analyzing panel data and providing parsimonious descriptions of the relationships between the response variables and their covariates, they are often subject to the risk of modeling biases. To relax the assumptions of parametric forms, Ruckstuhl, Welsh, and Carroll (2000) and Wang (2003) proposed nonparametric panel data regression models that allow one to explore possible hidden structures in the data and to reduce modeling biases of the traditional parametric methods. Such nonparametric models, however, have several shortcomings including the curse of dimensionality, difficulty of interpretation, lack of extrapolation capability, and so on. To overcome these shortcomings, semiparametric panel data regression models, especially the partially linear panel data regression models, have been considered recently that embody a compromise between a general nonparametric approach and a fully parametric specification; see Horowitz and Markatou (1996) , Li and Ullah (1998) , Ullah and Mundra (2002) , Zhou (2006, 2009) You, Zhou, and Zhou (2010) , to mention only a few. However, when the number of the nonparametric covariates is large, the curse of dimensionality is still a problem. In order to ease it further, we propose the semiparametric panel data partially linear additive model . . . , n, t = 1, . . . , T, (1.1) where Y it 's are responses, (X τ it , U τ it ) τ = (X it1 , . . . , X itp , U it1 , . . . , U itq ) τ are explanatory variables, β is an unknown p-dimensional parametric vector, α(·) = (α 1 (·), . . . , α q (·)) τ is an unknown q-dimensional function vector, ε it are random errors, and the superscript ( τ ) denotes the transpose of a vector or matrix. Here ((X τ i1 , U τ i1 ) τ , . . . , (X τ iT , U τ iT ) τ ) are i.i.d. random vectors over i. We further assume that the random errors ε it in (1.1) follow a serially correlated error component structure:
ε it = µ i + ν it , ν it = ρν i,t−1 + e it , |ρ| < 1, i = 1, . . . , n, t = 1, . . . , T, (1.2) where µ i and e it are i.i.d. random variables with mean zero and variances σ 2 µ and σ 2 e , respectively, and ρ is an unknown autoregressive coefficient. Obviously, error structure (1.2) is more general than the classical one-way error component structure that assumes the same correlation between e it and e it ′ no matter how far t ′ is from t (cf., Baltagi (2008) ). Under (1.2), the observations Y i1 , . . . , Y iT from the same individual i are allowed to be dependent. Typically, we choose Eα s (U its ) = 0 as our identification condition.
We use a data example to demonstrate the need for model (1.1)−(1.2). The National Longitudinal Surveys (NLS) conducted by the US Department of Labor have a database on women aged between 14 and 24 in 1968. This example is based on a subset of the survey data conducted in 1983 , 1985 and 1987 Section 15.4.3 of Carter Hill, Griffiths and Lim (2008) . In this dataset, observations on five variables were collected from 716 women. They include the year interviewed, log(wage/GNP deflator), total work experience, job tenure and whether getting a college degree. It is well known that total work experience and job tenure affect the log(wage/GNP deflator) nonlinearly. Carter Hill, Griffiths and Lim (2008) used quadratic forms to model the nonlinearity of both factors. By applying model (1.1)−(1.2), we can avoid this kind of parametric assumption and let the data speak for themselves.
It is easy to see that model (1.1)−(1.2) includes many usual parametric, nonparametric and semiparametric models as special cases. For example, when q = 1, model (1.1)−(1.2) reduces to the panel data partially linear regression model. Many researchers have explored the panel data partially linear regression model (cf., Zeger and Diggle (1994) , Roy (1997) , Mundra (1997) , Honore (1992) , Kniesner and Li (1994) ). When α 1 (·) ≡ 0, . . . , α q (·) ≡ 0, the model becomes the well-known panel data linear regression model (cf., Ahn and Schmidt (2000) , Baltagi (2008) ). When β = 0, the model reduces to the panel data nonparametric additive regression model (cf., You and Zhou (2007) ). When T ≡ 1, it is the nonpanel structure partially linear additive model that has been studied by Fan, Härdle, and Mammen (1998) , Li (2000) , and Fan and Li (2003) , among others.
For model (1.1)−(1.2), our goal is to develop a satisfactory procedure for estimating the unknown parametric and nonparametric components that meets four criteria: (i) it takes both of the error components and additive structures into account; (ii) it is computationally efficient, (iii) theoretically reliable, and (iv) intuitively appealing. The last three criteria have been used by Wang and Yang (2007) and Liu and Yang (2009) for non-cluster additive models. To meet the criteria we take the following approach. By applying a polynomial spline approximation to the nonparametric components and estimating the error structure, we construct a weighted semiparametric least squares estimator (WSLSE) for the parametric components β that achieves √ n-consistency without undersmoothing and is asymptotically efficient. Then by applying the under-smoothing technique, and taking both the contemporaneous correlation and additive structures into account, we propose a two-stage local linear estimator (TSLLE) for the unknown nonparametric functions α(·). This TSLLE has several advantages, including higher asymptotic efficiency than the one neglecting the contemporaneous correlation and an oracle property that achieves the same asymptotic distribution of each additive component as if the parametric and other nonparametric components were known with certainty.
The rest of this paper is organized as follows. Section 2 introduces several initial estimators. In Section 3, we develop a class of weighted semiparametric least squares estimators for the parametric and nonparametric components. A two-stage local polynomial estimator of the nonparametric components is proposed in Section 4. Section 5 reports on some simulation studies. An application of the model and estimation procedure to a set of economic data is illustrated in Section 6. Concluding remarks are given in Section 7. Proofs of the main results are relegated to Appendix.
Throughout this paper we assume large n and small T . This is typical in labor or consumer panel data situation (cf., Baltagi (2008) ). In addition, it should be noted that our results can be extended to a higher order autoregressive structure on the ν it although we focus on AR(1) in this paper.
Several Initial Estimators
Polynomial splines are piecewise polynomials joined together smoothly at a set of interior points (knots 
We approximate each α s (u) by some spline function:
where {ζ sl (·)} κs l=1 is a basis for a linear space G s of spline function on [0, 1] with a fixed degree, and knot sequence, θ s = (θ s1 , . . . , θ sκs ) τ is an unknown κ s vector; the κ s play the role of smoothing parameters. Thus, model (1.1) can be approximated by
If we write M D ε for the residuals, then model (2.3) is a version of the usual linear regression. An estimator of β is
Substitute β n into (2.2) we get an estimator of θ as
This implies that the polynomial spline series estimator of
In addition, it is not difficult to calculate that
where ι T is a vector of ones of dimension T and
Based on β n and ( α 1n (·), . . . , α qn (·)) τ , we obtain the estimated residuals
As in Baltagi and Li (1991) , we can consistently estimate ρ, σ 2 e and σ 2 µ by
where
µn and σ 2 en , and other estimators proposed in the following sections, we first introduce some notation and technical assumptions. 
(ii) max
Theorem 2. Under Assumptions 1 to 5, as n → ∞,
, where
T has the form ofJ ρn T except that ρ n is replaced by ρ. Remark 1. Baltagi and Li (1991) established the consistency of ρ n , σ 2 en , and σ 2 µn under the setting of panel data linear regression. We here show that they are root-n consistent and asymptotically normal under a more general setting.
In order to obtain β n , ( α 1n (·), . . . , α qn (·)) τ , ρ n , σ 2 µn , and σ 2 en , we need to select the degrees of splines and the numbers and locations of knots. Due to computational complexity, it is often impractical to automatically select all three components. Similar to Rice and Wu (2001) , we use splines with equally spaced knots and fixed degrees and select κ s , the numbers of knots, by a data-driven cross-validation method. Here
β n and ( α 1n (·), . . . , α qn (·)) τ do not take contemporaneous correlation into account, hence may not be asymptotically efficient. We construct more efficient estimators by implementing the estimated error variances and contemporaneous correlation in the following sections.
Weighted Semiparametric Least Squares Estimation
where A −1 = C C τ and C is given by (2.4). Pre-multiplying (2.2) by Σ −1/2 leads to
Based on (3.1) we can obtain the weighted semiparametric least squares estimator of β and θ as
respectively, where
. This gives the weighted polynomial spline series estimator of
For β w n and ( α 1n (·), . . . , α qn (·)) τ we have an asymptotic result.
Theorem 3. Under Assumptions 1 to 5,
. Then
Since OO τ is nonnegative definite, we have
Thus Ω −1
1 . This implies that β w n has smaller asymptotic covariance matrix, hence is asymptotically more efficient, than β n .
In order to apply Theorem 3, a consistent estimator of Ω 3 is needed. This is given by
D X via the following theorem.
Theorem 4. Suppose that Assumptions 1 to 5 hold. Then we have that
Combining Theorems 3 and 4, we can construct the asymptotic confidence intervals for β or check whether Cβ = 0, where C is a known d × p constant matrix with d ≤ p.
Two-Stage Estimation of Nonparametric Components
Our weighted polynomial spline estimator ( α w 1n (·), . . . , α w qn (·)) τ takes contemporaneous correlation into account, is fast to compute, and is intuitive. However, its distribution theory is not available. In this section, we propose a two-stage local linear estimator of (α s (u), α ′ s (u)) τ , with α ′ s (u) = ∂α s (u)/∂u, and establish its asymptotic distribution. The estimator of α ′ s (u) is of interest in some situations; see, for example, Mundra (2005) . The two-stage local linear estimation extends that of You and Zhou (2007) , who assumed the contemporaneous correlation totally known, did not involve any parametric component, and established only the asymptotic distribution of the estimator of α s (u). As in Fan and Zhang (2000) , the established asymptotic distribution is useful for constructing the simultaneous confidence bands for the underlying additive functions, which can then be used to check if an estimated additive function is significantly different from zero, or if the estimated additive function is really varying.
Let
Then we have
. Since
applying the local polynomial estimation to Y * it results in a more efficient estimator of the unknown function α s (·) in model (1.1)−(1.2).
For U its in a small neighborhood of u, α s (u) can be approximated by
This leads to the local least squares problem:
where K(·) is a kernel function, h s is a bandwidth, and
Simple algebra leads to the solution to (4.1):
, and σ t 1 t 2 are unknown. For Y * it , we replace them by
, and σ t 1 t 2 . Then
Thus, a feasible two-stage estimator of (α
To achieve the asymptotic properties of (
Assumption 6. κ s = c s n −1/5 log n for some constants c s satisfying 0 < c s < ∞ and s = 1, . . . , q. Under the above assumptions and those in Section 2, we can state the asymptotic properties of (
Theorem 5. Under Assumptions 1 to 3, 5, 6 to 8, as n → ∞,
and
) .
Corollary 1.
Under Assumptions 1 to 3, 5, 6 to 8,
Remark 3. If the correlation within the response is ignored, we can apply the same method to construct a two-stage estimator for (
sn (·)) τ , which ignores the correlation within the response. 
or Ω T S s is needed. As ς 0 , ς 1 , ς 2 , ϱ 1 , ϱ 2 , and ϱ 3 are known constants, we just need to estimate σ tt and p ts (·) for s = 1, . . . , q and t = 1, . . . , T . According to Theorem 2, σ tt is a consistent estimator of σ tt where Σ
. As for p ts (·), we can use the usual kernel density method to estimate it:
Remark 5. It should be noted that α T S sn (·) involves the smoothing parameters h s and κ 1 , . . . , κ q . The asymptotic result of Theorem 5 shows that the smoothing parameter h s should be of standard order. However, the smoothing parameters κ 1 , . . . , κ q at the initial estimators α 1n (·), . . . , α qn (·) should be of bigger order than the standard one, O(h −1 s ). That is, undersmoothing is needed, which means that more knots are used than needed to achieve the optimal rate of convergence. This requirement controls the bias in the preliminary step of the estimation. In practice, standard smoothing parameter selection in the second step can be utilized. Simulation experiments show that the final results are not very sensitive to the choice of the smoothing parameters κ 1 , . . . , κ S . In practice, the usual optimal smoothing parameters multiplied by a constant, say 1.5 or 2, can be used. Undersmoothing is widely used in two-stage estimation. See, for example, Horowitz and Mammen (2004) , Wang and Yang (2007) , Liu, Cheng, and Yao (2009) and so on.
Remark 6. This paper has assumed an AR(1) model for the noise. Our results can be extended to higher order autoregressive structure of ν it . For example, if
where ρ 1 and ρ 2 satisfy the stationary condition:
and ε it are the estimated residuals.
Simulation Studies
In this section, we report on simulation studies of the finite sample performance of the proposed procedures.
The data were generated from the partially linear panel data additive model , 1), and ν it ∼ N (0, 1) . Moreover, we took n = 50, 100, 200, T = 3, 4, 5, 10, and ρ = 0.1, 0.3, 0.6.
In each case the number of simulated realizations was 1, 000. We used the univariate cubic B-spline basis and uniform knots. The number of knots was selected by cross validation. For the WSLSE ( β w 1n , β w 2n , β w 3n ) τ of the parametric components (β 1 , β 2 , β 3 ) τ , given a sample size, the sample mean (sm), standard error (se), which is the sample standard deviation from the simulated estimates of the parametric components, mean of the estimate of the standard deviation (mstd) based on the asymptotic covariance matrix, and coverage percentage of the 95% confidence intervals (cp) are summarized in Tables 1−3. In Tables 1−3 , we also present the sm, se, mstd, and cp of the unweighted SLSE ( β 1n , β 2n , β 3n ) τ that neglects the serially correlated error component structure, as well the ratio of the se of the weighted estimator over the se of the unweighted estimator.
From Tables 1−3 we make the following observations:
1. Under the model studied, both WSLSE and SLSE of the parametric components are unbiased.
2. The WSLSE has smaller se than the SLSE.
3. The WSLSE can substantially improve the estimation of the parametric components over the SLSE, especially when the contemporaneous correlation is strong.
4. The mstd approximates the se very well.
5. The coverage of the confidence interval is very close to the 95% nominal level.
For the estimators of the nonparametric components, we computed a measure of estimation accuracy referred to as the root average squared error (RASE):
The results are summarized in Table 4 , which shows that the two-stage local linear estimator α T S sn (u) or the weighted polynomial spline estimator α w sn (u) of the nonparametric components α s (u) outperforms the α sn (u) that ignores the contemporaneous correlation and is constructed by the polynomial spline approximation. Furthermore, α T S sn (u) outperforms the α w sn (u) that uses the contemporaneous correlation but has larger mean in terms of RASE. 
An Application
We now demonstrate the application of the proposed procedures to a data example from The National Longitudinal Surveys (NLS), as described in Section 1.
It is well known that total work experience and job tenure affect the log(wage/ GNP deflator) nonlinearly (see Carter Hill, Griffiths and Lim (2008) ). Therefore, we consider a panel data partially linear additive model. For i = 1, . . . , 716, t = 1, 2 and 3,
where Y it is the log(wage/GNP deflator), X it is an indicator of college degree, U it1 is total work experience and U it2 is the job tenure. The estimates of (ρ, σ µ , σ e ) τ are found to be (0.4279, 0.0864, 0.0483) τ . The SLSE of β is 0.3828 with std 0.0300 and the WSLSE of β is 0.3875 with std 0.0299, where the std is the standard deviation from the estimated asymptotic covariance matrix. This implies that the education has a positive effect on wage in the sense that a college degree is associated with higher wage. In addition, the estimates of α 1 (·), α 2 (·), and the corresponding pointwise 95% confidence bands are shown in Figure 1 .
From Figure 1 we can see that the relationship between the response log(wage/ GNP deflator) and total work experience is concave. This has the accumulation of work experience with a greater potential to increase the wage in earlier career than in later working years, and the wage tends to be static or even decreasing a bit approaching retirement. In addition, log(wage/GNP deflator) always increases with the accumulation of job tenure. More importantly, log(wage/GNP deflator) does not change much when the job tenure is below 10 years. Beyond 10 years, however, log(wage/GNP deflator) accelerates with longer tenure. These observations are consistent with classic labor economics. In addition, we also use the quadratic model in Carter Hill, Griffiths and Lim (2008) to fit this data set and the corresponding fitting error is 0.4427. In comparison, our model has a smaller fitting error 0.4374, suggesting it may be more suitable.
Concluding Remarks
In this paper, we have investigated the statistical inference of the panel data partially linear additive regression with serially correlated error component structure. We have proposed a weighted semiparametric least squares estimator for the parametric components and a weighted polynomial spline series estimator for the nonparametric components. The weighted semiparametric least squares estimator is shown to be asymptotically normal and more efficient than the unweighted one. Based on these estimators a two-stage local polynomial estimator of the nonparametric components was proposed that has the advantages of higher asymptotic efficiency and an oracle property. Parametric regression models, if specified correctly, can provide a more parsimonious description of the relationship between the response variable and its covariates than semiparametric or nonparametric regression models. Therefore, it is of interest to check whether the nonlinear function α s (·) can be described by a parametric structure. This amounts to testing if α s (·) is of a certain parametric form. Fan, Zhang, and Zhang (2001) proposed a generalized likelihood-ratio test statistic to check whether an unknown function has a certain parametric form in classic nonparametric regression models. Extending this kind of method to model (1.1)−(1.2) calls for further research efforts.
Throughout, we did not include the lag response Y i,t−d on the right side of model (1.1). If this lag response is incorporated into the model, it becomes the indigenous covariate and a new estimation method (for example, the instrumental variable method) is needed to deal with it. We will investigate this problem in future research work.
In addition, we have focused on large n and fixed T . In some situations, the observed time points may increase with the increase in the number of individuals. In other cases, the observed time points may be greater than the number of individuals. How to extend our methods to these cases is still an open problem.
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Appendix: Proofs of Main Results
We first prove several lemmas.
Lemma A.1. Suppose that Assumptions 1, 7 and 8 hold. Then, as n → ∞,
where s = 1, . . . , q and k = 0, 1, 2, 4.
Proof. Lemma A.1 follows immediately from Mack and Silverman (1982) .
Proof. It is easy to see that the j-th element of X τ M Σ −1 D ε can be decomposed as
The same argument leads to the same results for other elements of
There exists a real vector
. Thus the j-th element of XM Σ −1 D α can be written as
Following the same line, we can show the same results for other elements of
Therefore, to complete the proof of part (i) it suffices to show
For any nonzero p-vector λ we have
where the ψ i are independent random variables with mean zero; it is easy to check that {ψ i } satisfy the Lindeberg condition. Moreover, as Var (
follows from the root-n consistency of β w n and the standard method.
Proof of Theorem 1. The proof of Theorem 1 is the same as that of Lemma A.2. We omit the details.
Proof of Theorem 2. (i) Let
Since
we have
In addition,
According to the proof of Theorem 1, [n(
Hence, J 22 can be decomposed as
By the properties of polynomial splines we can show that
Further,
The √ n consistency of β n , and the same argument for J 222 , lead to J 223 = O(n −1 max 1≤s≤q κ s ) as well. Together we have J 22 = o p (n −1/2 ). As a result, J 2 = o p (n −1/2 ). Following the same line, we can show that
According to (1.2) we have
Therefore,
is an i.i.d. random variable sequence with mean 0 and variance
. It is easy to see that, as n → ∞,
Therefore the result of ρ n holds. Based on the definition of σ 2 en , we have
where ε i· = ( ε i1 , . . . , ε iT ) τ . Combining this with (A.1) we get
Same as for J 2 , we can show that J 43 = o p (n −1/2 ). In addition,
It is easy to see that the ϖ i 's are i.i.d. random variables with mean
and variance Var((
. . , e iT ) τ ). This proves (ii).
Part (iii) follows from the same arguments as for σ 2 en . We omit the details.
. This implies (A.4) and completes the proof.
Proof of Theorem 4. The proof of Theorem 4 is straightforward. We omit the details.
Proof of Theorem 5. Let
We first show that J s = o p (n −2/5 ), s = 3, 4. To do so it suffices to prove 
